Centrum voor Wiskunde en Informatica

Modelling, Analysis and Simulation (MAS)

MAS-R0014 May 31, 2000

Computing Toroidal Functions for Wide Ranges of the Parameters

Amparo Gil, Javier Segura

Instituto de Bioingeniería, Universidad Miguel Hernández Edificio La Galia, 03202-Elche (Alicante), Spain

[amparo@titan, segura@flamenco].ific.uv.es

Nico M. Temme CWI P.O. Box 94079, 1090 GB Amsterdam, The Netherlands nicot@cwi.nl

ABSTRACT Associated Legendre functions of half-odd degree and arguments larger than one, also known as toroidal harmonics, appear in the solution of Dirichlet problems with toroidal symmetry. It is shown how the use of series expansions, continued fractions and uniform asymptotic expansions, together with the application of recurrence relations over degrees and orders, permits the evaluation of the whole set of toroidal functions for a wide range of arguments, orders and degrees. In particular, we provide a suitable uniform asymptotic expansion

for P m̊(x) (for large m) which fills the gap left by previous methods.

2000 Mathematics Subject Classification: 33C05, 65D20, 41A60. Keywords and Phrases: Legendre functions, toroidal harmonics, uniform asymptotics. Note: Work carried out under project MAS1.3 Partial differential equations in porous media research. This report has been accepted for publication in Journal of Computational Physics.

1. Introduction Associated Legendre Functions {P^m_ν (z), Q^m_ν (z)} appear in the solutions in curvilinear coordinates of the boundary value problems of potential theory for certain domains (the sphere, spheroid, torus). These are analytic functions of z in the plane cut along (−∞, 1] and are solutions of the differential equation

(1 − z^2)u^{′′} − 2zu^′ + [ ν(ν + 1) − m^2 1 − z^2 ] u = 0 , (1.1)

where, in most practical situations, m is a nonnegative integer.

When z ∈ (−1, 1) (on the cut) the functions {P^m_n (z), Q^m_n (z)}, conveniently redefined (see [15], Eq. (7.12.5)), are called spherical harmonics (SH) when n and m are nonnegative integers; they appear in the solutions of the Dirichlet problem for a sphere. Spherical harmonics are well-known functions for which accurate and extensive methods of evaluation for wide ranges of n (degree) and m (order) have been described see Olver & Smith [19].

Off the cut, Associated Legendre Functions (ALF) are the natural basis to solve the Dirichlet problem for domains bounded by spheroids and tori. In particular, when n and m are positive integers, {P^m_n (x), Q^m_n (x)} for x > 1 appear for prolate spheroidal domains, {P^m_n (ix), Q^m_n (ix)} for x > 0 solve the boundary problem for an oblate spheroid [12] and {P^m_{n−1/2}(x), Q^m_{n−1/2}(x)}, x > 1 are the solutions for a torus. We will refer to these set of functions, respectively, as prolate spheroidal harmonics (PSH), oblate spheroidal harmonics (OSH) and toroidal harmonics (TH).

In particular, toroidal harmonics appear naturally in the solution of Dirichlet problems with boundary conditions on a torus. They appear, for instance, in the expansion of vacuum magnetic fields in stellators and tokamaks [16] (see also [17]) and they also provide analytical solutions of Poisson’s equation for realistic shapes of ion channels [14, 13]. Both functions (P , Q) for different orders (m) and degrees (n) and fixed values of x appear when solving Dirichlet problems for a region bounded by a torus.

Contrary to spherical harmonics, there are few references concerning the numerical evaluation of PSH, OSH [12] and TH [21]. Previous to the methods presented in [11, 12, 21], the only codes for the numerical evaluation of ALF off the cut (including PSH and TH) were built by Gautschi in 1965 [9], based on three-term recurrence relations and Miller’s algorithm. Fettis (1970) [7] describes a method for TH which is a generalization of Gauss or Landen’s transformation for computing elliptic integrals; such method is potentially useful for small values of the argument and fixed n, m.

Recently, Fortran codes to evaluate PSH, OSH [12] and TH [21] were built. By using recurrence relations, combined with the use of continued fractions and Wronskian relations, codes for the evaluation of PSH and OSH whose range of applicability was only limited by the overflow numbers of the machine were developed. On the other hand, the same kind of techniques applied to TH [21] gave rise to codes with a relative accuracy of 10^{−12} for a wide region in the (x, m) plane, but restricted for too large values of m and x. Despite its limitations, the code in ref. [21] improves Gautschi’s scheme and clearly outperforms the computations based on series expansions ([13], [16]).

In this paper, we present a uniform asymptotic expansion for P^m_ν (x) with ν fixed (real and non-integer) and large m (m ∈ N) which is uniformly valid for large positive x. A method to compute THs can then be given which significantly improves the range of applicability of the code in ref. [21]. In this way, a scheme to compute THs for wide range of integer orders, half-odd degrees and real arguments (larger than one) is provided.

2. Recurrent schemes to evaluate toroidal functions Both Legendre functions P^m_ν (x) and Q^m_ν (x) satisfy the recurrence relations

(ν − m + 1)P^m_{ν+1}(x) − (2ν + 1)xP^m_ν (x) + (ν + m)P^m_{ν−1}(x) = 0 (2.1) and

P^{m+1}_ν (x) + 2mx (x^2 − 1)^{1/2}

P^m_ν (x) − (ν − m + 1)(ν + m)P^{m−1}_ν = 0 . (2.2)

By using Perron’s theorem [10, 22] it is seen that both recurrences (Eqs. (2.1) and (2.2)) admit a minimal solution when x > 1: for equation (2.1), Q^m_ν (x) is minimal and P^m_ν (x) is dominant; for equation (2.2), P^m_ν (x) is minimal and Q^m_ν (x) is dominant.

This dual behavior of the P and Q functions with respect to recursion will be fundamental in order to build stable algorithms. Another consequence derived from the existence of minimal

2. Recurrent schemes to evaluate toroidal functions 3

solutions is given by Pincherle’s theorem ([3, 18]) which guarantees the convergence of the continued fraction for the ratio of consecutive minimal solutions. Thus, the continued fractions given by the iteration of the expressions

H_Q(ν, m, x) := Q^m_ν (x) Q^m_{ν−1}(x) = 1 2ν+1 ν+m x −^{ν−m+1}_{ν+m}^{Qmν+1(x)}_{Qmν (x)} , (2.3)

and

H_P (ν, m, x) := P^m_ν (x) P^{m−1}_ν (x) = (ν − m + 1)(ν + m) 2mx √ x2−1 + P^m+1 ν (x) P^m_ν (x)

. (2.4)

are convergent for x > 1. The CF from Eq. (2.3) is more rapidly convergent as x becomes larger, while the convergence of the CF in Eq. (2.4) is faster as x becomes smaller (but x > 1). In other words, the numerical convergence of Eq. (2.3) may fail when x is too close to 1 while Eq. (2.4) converges slowly for large x.

Except for the possible convergence failures of the continued fractions, algorithms for the computation of the set {P^m_{n−1/2}(x), Q^m_{n−1/2}(x), x > 1, n = 0, 1, ..., N, m − 0, 1, ..., M} can be based on the calculation of two values to “feed” the recurrences, the stable application of the recurrences (Eqs. (2.2),(2.1)) both for the P s and the Qs, and the application of the Wronskian relations

P^m_ν (x)Q^m_{ν−1}(x) − P^m_{ν−1}(x)Q^m_ν (x) =

Γ(ν + m) Γ(ν − m + 1)

(−1)^m (2.5)

P^m_ν (x)Q^{m+1}_ν (x) − P^{m+1}_ν (x)Q^m_ν (x) =

Γ(ν + m + 1) Γ(ν − m + 1)

(−1)^m √ x^2 − 1

(2.6)

A simple example for evaluating such a set is provided by the following scheme (DTORH3 in [21]), which we will call the primal algorithm :

A) Evaluate P^m_{±1/2}, m = M, M − 1 by using the following scheme:

1. Obtain the starting values, Q^0_{−1/2} and Q^1_{−1/2} through their relation with elliptic integrals (evaluated by using Carlson’s duplication theorem [4, 5]).

2. Apply the recurrence Eq. (2.2) for Q up to the order M.

3. Combine the values of Q^M_{−1/2} and Q^{M−1}_{−1/2} with the Wronskian relation (2.6) and the CF (2.4) to get P^M_{−1/2}.

4. Use the CF (2.3) to obtain Q^M_{1/2} from Q^M_{−1/2} and then obtain P^m_{1/2} from Eq. (2.5) and the already calculated values Q^m_{±1/2} and P^M_{−1/2}.

B) Evaluate the set {P^m_{n−1/2}, n = 0, 1, ..., N, m = 0, 1, .., M}:

1. Obtain {P^m_{±1/2}, m = 0, 1, , , M} starting from P^M_{±1/2} and P^{M−1}_{±1/2} and applying the recurrence Eq. (2.2) backwards.

2. For each m, use Eq. (2.1) forwards to evaluate {P^m_{n−1/2}, n = 0, 1, ..., N, m = 0, 1, .., M}, starting from the already evaluated values P^m_{±1/2}.

C) Evaluate the set {Q^m_{n−1/2}, n = 0, 1, ..., N, m = 0, 1, .., M}: 1. Obtain Q^k_{N−1/2} and Q^k_{N−3/2}, k = 0, 1 from the values P^k_{N−1/2}, Q^k_{N−3/2} and using the Wronskian (2.5) and the CF (2.3) for Q^k_{N−1/2}/Q^k_{N−3/2}.

2. Generate the set {Q^m_{N−1/2}, m = 0, 1, ..., M} starting from Q^0_{N−1/2} and Q^1_{N−1/2} and applying (forwards) recurrence (2.2).

3. Similarly, generate the set {Q^m_{N−3/2}, m = 0, 1, ..., M} starting from Q^0_{N−3/2} and Q^1_{N−3/2} 4. For each m = 0, 1, ..., M and starting from the values Q^m_{N−1/2} and Q^m_{N−3/2} obtain the set {Q^m_{n−1/2}, n = 0, 1, ..., N, m = 0, 1, .., M} by applying (backwards) the recurrence (2.1).

The conflictive point in the algorithm presented lies in the different convergence of the continued fractions for P^M_{−1/2}/P^{M−1}_{−1/2} , Q^M_{1/2}/Q^M_{−1/2} and Q^k_{N−1/2}/Q^k_{N−3/2}, k = 0, 1. While the first one converges better for small x the latter converges faster for large x. Numerical experiments show that for x > 1.001 the CFs for the Qs converge reasonably well, while the CF for the P s starts to find problems for x > 20. Hence, we have to find an alternative way of obtaining P^m_{−1/2} for large x. We will see how a series expansion and a uniform asymptotic expansion for large m are enough to solve the computational problems at large x.

A dual algorithm can be constructed by following a parallel scheme but with the following translations: change P by Q, the recurrence over n by recurrences over m, and the Wronskian relating consecutive orders (m) by the Wronskian relating consecutive degrees (n). In this way, the starting point would be the values P^0_{−1/2} and P^0_{+1/2}, and the forward recurrence (2.1) would be applied together with a CF for Q^0_{N−1/2}/Q^0_{N−3/2} and a Wronskian relation in order to obtain Q^0_{N−1/2}, and so on. In this case, the four CFs that would come into play are Q^0_{N−1/2}/Q^0_{N−3/2}, P^1_{N−1/2}/P^0_{N−1/2}, P^1_{k−1/2}/P^0_{k−1/2}, k = 0, 1.

The duality between P and Q functions becomes manifest by considering Eqs. (8.2.7) and (8.2.8) in [1]. For the particular case of integer orders and half-odd degrees, we can combine (8.2.8) with (8.2.1) and (8.2.3) to obtain the following relation:

Q^m_{n−1/2}(λ) = (−1)^n π^{3/2} √ 2Γ(n − m + 1/2)

(x^2 − 1)^{1/4}P^n_{m−1/2}(x) (2.7)

where λ = x/ √ x^2 − 1. From this and Eqs. (2.3) and (2.4), we observe that H_Q(n − 1/2, m, λ) = (m − n + 1/2)H_P (m − 1/2, n, x); then, the rate of convergence of the continued fractions appearing in the two algorithms (primal and dual) can be related. In particular, the continued fractions for the Qs used in the primal algorithm will converge with equal speed as the CFs for the P s in the dual algorithm when x = λ, that is, when x = √ 2. On the other hand, the convergence of the Q-continued fraction is faster than the convergence of the P -continued fraction when x > √ 2 and vice-versa. For this reason, we use the primal algorithm when x ≥ √ 2 and the dual one when 1 < x < √ 2. From now on, we are only considering the primal algorithm, taking x ≥ √ 2. All the discussions that follow will have their counterpart for the dual algorithm when 1 < x < √ 2, given Eq. (2.7).

For x ≥ √ 2 the Q-continued fractions converge fast; however, the continued fraction P^{M−1}_{−1/2} /P^{M−1}_{−1/2} becomes very slow when x becomes large. Therefore, we need to replace this continued fraction by other types of approximation: we will directly evaluate P^M_{−1/2} by some expansion (power series, uniform asymptotic expansion). The steps 3 in A) for the primal algorithm will then be replaced by direct computation when x is too large. For the dual algorithm the same kind of change will be needed when x is too close to 1: Q^0_{N−1/2} would be given by direct computation which, by considering Eq. (2.7), directly follows from the approximations we will discuss for P^M_{−1/2}.

In [21] (Eq. (13)) a series expansion for P^M_{−1/2}(x) in powers of 1/x^2 was used in the region x > 5 and x/M > 0.22 in order to compute toroidal functions with an accuracy better than 10^{−12}. The series was seen to give place to large roundoff errors when M became too large, as could be expected given the fact that the P s are minimal with respect to the orders (Eq. (2.2)). This is why the series gives limited accuracy within limited regions. It becomes evident at this stage that an expansion for large M and uniformly valid for x is needed in order to improve the range of applicability of the method.

3. Uniform asymptotic expansion for P^m_ν (x), m large In this section, we discuss a uniform asymptotic expansion for large m of P^m_ν (x), x > 1, which can also be applied for large arguments x. From Eq. (2.7) follows that this expansion will also provide an asymptotic expansion for Q^m_{n−1/2}(x) for large n which will be valid for x close to 1 (to be used in the dual algorithm).

The recent literature on Legendre functions gives several examples of so-called uniform expansions, in which more than one real or complex parameter plays a role in the asymptotics. We discuss a few aspects of these contributions.

In Dunster [6] an expansion is given for large values of m of the conical functions P^m_ν (z) with ν = −^1_2 +iτ, with τ ∈ [0, Bm], where B is an arbitrary positive constant. The expansion is in terms of the modified K−Bessel function, and is valid in unbounded z−domains. It is obtained by using the differential equation of the Legendre functions. In our case we need fixed values of ν, in particular ν = −^1_2 , and Dunster’s expansion can be used for fixed ν; it is also possible to take τ = 0. However, it will be difficult to obtain the coefficients of the expansion, even for the case τ = 0, and therefore we prefer a method described later in this section.

By using the relation (2.7) it follows that the asymptotic problem can be formulated as follows: to obtain an expansion of Q^m_ν (x) for large values of ν that holds for fixed m (in particular for m = 0), uniformly with respect to z in an interval (1, x_0) where x_0 > 1 is a constant.

More general expansions for this problem are obtained by Olver [20], Boyd and Dunster [2] (by using the differential equation), Ursell [23] and Frenzen [8] by using integrals. Boyd and Dunster generalized Olver’s result by accepting non-fixed m−values. In our approach we use an integral for P^m_ν (z), which is quite different from the one used by Ursell and Frenzen. Our integral follows from the representation in terms of the Gauss hypergeometric function, and our method can in fact be used for other Gauss functions. As in Ursell’s paper, we use an integration by parts procedure to find the coefficients, and the expansion contains only two K−Bessel functions. Frenzen’s expansion contains an infinite series of K−Bessel functions.

For all mentioned results, the coefficients of the expansions are complicated expressions. Olver and Boyd & Dunster give recursion relations for the coefficients, and Ursell and Frenzen also give relations for computing the coefficients. For the numerical algorithm straightforward use of the coefficients determined in this way is not possible, because we need the coefficients for large values of z (when considering P^m_ν (z)) or values of z near 1^+ (when considering Q^m_ν (z)), and for stable computations all coefficients need to be expanded in terms of a certain small parameter.

For our numerical algorithm we derive an expansion that shares several features of the available expansions mentioned above, and that is quite suitable for implementation. We give a few steps in the derivation of the expansion. We verify the accuracy and usefulness by giving several numerical illustrations.

The starting point for our asymptotic expansion is the relation of P^{−m}_ν (z), which for integer m is directly related to P^m_ν (z) ([1], Eq. (8.2.5)), with hypergeometric functions ([1], Eq. (8.1.2))

P^{−m}_ν (z) = 1 Γ(m + 1) ( z − 1 z + 1 )_{m/2} F (−ν, ν + 1, m + 1, −ξ) , (3.1) where ξ = (z −1)/2, together with the integral representation for the hypergeometric function ([1], Eq. (15.3.1)):

F (−ν, ν + 1, m + 1, −ξ) = Γ(1 + m) Γ(1 + ν)Γ(m − ν)

I_ξ , (3.2)

being

I_ξ :=

∫_1 0 t^ν(1 − t)^{m−ν−1}(1 + ξt)^νdt = ξ^νI_0(m, α) . (3.3)

With the change of variable 1 − t = e^{−u} we obtain

I_0(m, α) = ∫_∞ 0 e^{−mu}u^ν(u + α)^ν f_0(u)du , (3.4)

where

α = ln ( z + 1 z − 1 ) , f_0(u) = ( 1 − e^{−u} u e^{u+α} − 1 u + α )_ν . (3.5)

The complication for applying standard methods from asymptotics for large m is the singularity at u = −α, in particular if α → 0, that is, z → ∞. Watson’s lemma (see Olver [20]) can not be applied in this case. To obtain an expansion in terms of K-Bessel functions, we use an expansion of f_0(u) that is based on values of f_0 and its derivatives at u = 0 and u = −α, by writing f_0(u) = a_0 + b_0u + u(u + α)g_0(u). Then we obtain

I_0(m, α) = a_0Φ(α, ν) + b_0Ψ(α, ν) + 1 m I_1(α, ν) (3.6)

with Φ(α, ν) = N(ν, m, α)K_{ν+1/2}(mα/2) , Ψ(α, ν) = −^α_2 N(ν, m, α) ( K_{ν+1/2}(mα/2) − K_{ν+3/2}(mα/2) ) , (3.7)

being N(ν, m, α) = π^{−1/2}(α/m)^{ν+1/2}Γ(ν + 1)e^{mα/2}.

Integration by parts is used to obtain the integral I_1:

I_1(m, α) = ∫_∞ 0 e^{−mu}u^ν(u + α)^ν f_1(u)du , (3.8)

f_1(u) being given by

f_1(u) = u(u + α)g^′_0(u) + (ν + 1)(2u + α)g_0(u) . (3.9)

Notice that the integral I_1 has the same structure as I_0 and the procedure can be repeated by writing f_1(u) = a_1 + b_1u + u(u + α)g_1(u), and so on. We get:

I_0(m, α) ∼ Φ(α, ν) ∞∑ k=0 a_k m^k + Ψ(α, ν) ∞∑ k=0 b_k m^k , (3.10)

as m → ∞, uniformly with respect to small values of α. The coefficients a_k,b_k are functions of α, and are analytic at α = 0.

In the Appendix, we will show that b_{2k} = 0, b_{2k+1} = 2a_{2k+1}/α, which allows us to write:

I_0(m, α) ∼ (α/m)^{ν+1/2} Γ(ν + 1) √ π e^{mα/2} 1∑ l=0 K_{ν+l+1/2}(mα/2) ∞∑ k=0 a_{2k+l} m^{2k+l} . (3.11)

In particular, for P^m_ν with m a positive integer we get:

P^m_ν (z) ∼ (−1)^{m+1} sin νπΓ(ν + m + 1) π^{3/2} ξ^ν 1∑ l=0 K_{ν+l+1/2}(mα/2) ∞∑ k=0 a_{2k+l} m^{2k+l} , (3.12)

with ξ = (z − 1)/2, α = ln[(z + 1)/(z − 1)] and the coefficients a_k as given in the Appendix.

The expansions derived in this section are related with the one given in [20], page 465, Eq. (12.13). This follows from a few relations between the Legendre functions. Olver’s result is supplied with an error bound for the remainder in the expansion. The error bound (and a bound for the quantity δ_{2p+1} in Olver’s expansion, which is not present in our expansion) can be computed by using the coefficients a_k, and the algorithms for these coefficients given in the Appendix. In this paper we have verified the accuracy by using numerical verification of computed function values; see the next section.

4. Computational aspects In our algorithm, the accurate calculation of P^m_{−1/2} is a key ingredient in the evaluation of toroidal functions for wide ranges of the parameters. We are focusing on the primal algorithm (for x ≥ √ 2) given that the numerical discussion that follows has its counterpart for x < √ 2 by considering the dual algorithm.

In order to test the different approximations for the evaluation of P^m_{−1/2} we combined the Fortran code presented in [21], which used a combination of CF and series, with the asymptotic expansion (3.12). The resulting program was coded in double precision arithmetics.

We have performed a numerical study of the different strategies used in the evaluation of P^m_{−1/2}(x), namely: (1) recurrence relation + continued fraction; (2) series; (3) asymptotic expansion. We have studied which are the overlapping regions of validity for the different strategies for a relative accuracy of 10^{−12} (as in [21]). This accuracy proves to be reachable even when high orders and degrees are needed and then, consequently, the recurrence relations have to be applied many times. It is important to keep in mind that the recurrences are always used in their stable direction. Higher precision arithmetic should be considered for wider ranges of the parameters to improve the performance of the CF (2.4), which fails to give results with a precision better than 10^{−12} for moderately large m and/or x. Also, extended arithmetic should be taken into account (as in [19]) in order to avoid overflows. In order to minimize the overflow problems, we have considered the evaluation of the functions (as in [21] for modes 1,2):

p_{m,n}(x) := P^m_{n−1/2}(x)/Γ(m + 1/2) ; q_{m,n}(x) := Q^m_{n−1/2}(x)/Γ(m + 1/2) (4.1)

Figure 1. Points in the (m, x)-plane (m > 0 integer, x > 1) where the numerical values of the toroidal function P^m_{−1/2}(x) obtained by two different methods coincide (values are tested at each increment Δx = 1). The asymptotic expansion is compared with series expansion for a 12 digits precision. The asymptotic expansion is evaluated up to order m^{−12}; each of the 12 coefficients is expanded up to order α^9.

In Figure 1 we show the comparison between the evaluation of p_{m,0} using the asymptotic expansion and the series. The asymptotic expansion is evaluated up to order m^{−12} and

4. Computational aspects 9

each of the 12 coefficients is expanded up to order α^9. Later we will see that for practical purposes 4 coefficients expanded up to order α^5 are enough. We have plotted the points where both approaches coincide up to a precision better than 10^{−12} in the (m, x) plane. As one can observe, the comparison fails for x < 4 (due to the bad convergence of the asymptotic expansion) and for x/m^<_∼ 0.3 (in this case, due to the series).

In Figure 2 the comparison between the series and the recurrence + continued fraction is shown. In this case, as before, the comparison fails for x/m^<_∼ 0.3 due to the series. The comparison is also worse as x grows given that the continued fraction starts to converge slowly.

Figure 2. Same as Figure 1, but for other methods of evaluation: the series expansion is compared with the continued fraction method.

Finally, in Figure 3 we compare the computation of p_{m,0} using asymptotic expansion and recurrence + continued fraction. As can be seen in the figure, the comparison fails for x < 4 and m < 6 (due to the asymptotic expansion) and in the case x is large (due to the continued fraction).

Figure 3. Same as Figure 1, but for other methods of evaluation: the asymptotic expansion is compared with the continued fraction method.

From Figures 1,2 and 3, we conclude that a possible strategy for the evaluation of p_{m,0}(x), for any x ≥ √ 2 (primal algorithm) can be the following:

1. Use the CF method (step A in the primal algorithm) for moderate x (x^<_∼ 20).

2. Evaluate p_{m,0}(x) using the series expansion for larger x (typically x > 5) but for small m/x^<_∼ 3 3. Use the asymptotic expansion when the two previous approaches can not be used

In the overlapping regions of validity of the different approximations, the selection of the method of evaluation would depend on the speed of the different methods.

It is worth stressing again that the performance of the continued fractions puts a limit on the attainable accuracy when large ranges of m and n are considered. The limitation of the CF (2.4) was apparent in Figures 2 and 3. Besides, one can also expect that the CF (2.3) will cause a certain loss of accuracy when x is small (in the dual algorithm). However, for the primal algorithm (x ≥ √ 2), the convergence of the CF (2.3) is fast and then no further accumulated errors are expected apart from those for CF (Fig. 3). Conversely, the limitation in the dual algorithm comes for the performance of the CF (2.3) and, as for the primal one, with the use of the asymptotic expansion the evaluation in the range 0 ≤ m ≤ 450, 0 ≤ n ≤ 450 can be performed with a precision of 10^{−12}. In this study, the ranges of m and n are limited by the overflow numbers; notice that the range 0 ≤ m ≤ 450 can be reached when n = 0 but the range becomes more limited as n increases (see [21] for more details on the available ranges for an overflow number of ∼ 10^{300}).

Figure 4. Same as Figure 1, but for other methods of evaluation: the method described in ref. [21] (combining series expansions with the continued fraction method) is compared with the asymptotic expansion with 4 coefficients (given in the Appendix).

In Figure 4 we compare the evaluation of p_{m,0}(x) by using series for x > 5 and x/m > 0.3 and recurrence relation + CF for the rest of the (m, x)-plane, with the evaluation of p_{m,0}(x) by the asymptotic expansion (using the 4 coefficients explicitly shown at the end of the Appendix). We observe that for a precision of 10^{−12} the asymptotic expansion with 4 coefficients is able to cover the area were the CF is not able to reach the necessary precision. This area was not accurately computable using series or CFs, as discussed in ref. [21]. We

5. Conclusions 11

then observe that the uniform asymptotic expansion can substitute the use of series or the CF when they fail, namely x/m ≤ 0.3 and x > 15. Furthermore, it can be used in the whole region x ≥ 7, m ≥ 80. As shown before, as more coefficients and more terms in the expansion of these coefficients are considered, the asymptotic expansion can be applied for smaller orders and arguments. The number of the coefficients and the number of terms for each coefficient selected for an specific implementation of the method will depend on the timing of the different approaches (series, CF, asymptotic expansion) in the overlapping regions of validity.

5. Conclusions We have presented a scheme to compute toroidal harmonics for wide ranges of the parameters. By complementing the method presented in [21] with a uniform asymptotic expansion for P^m_{n−1/2}(x) valid for large m and uniformly valid for large x, the toroidal functions can be evaluated with an accuracy of 10^{−12} for x ≥ √ 2 in the full range of orders and degrees reachable for an overflow number of ∼ 10^{300}. Similarly, we discussed how a dual algorithm can be built which, by considering the connection (2.7) between P^m_{n−1}(x) and Q^n_{m−1/2}, will also give toroidal functions for 1 < x < √ 2 with a precision of at least 10^{−12} for all the orders and degrees reachable within overflow limits.

In this way, an extensive method of computation of toroidal harmonics can be built.

Appendix: Explicit asymptotic formulae In this appendix we give an explicit algorithm to find the coefficients a_k in the expansions (3.11) (3.12). Previous to this, we will show that the coefficients a_k and b_k in Eq. (3.10) satisfy the relations

b_{2k} = 0 , b_{2k+1} = 2a_{2k+1}/α (5.1)

As explained when we derived expansion (3.10), the coefficients a_k, b_k could be obtained by considering that for i = 0, 1, ..

f_i(u) = a_i + b_iu + u(u + α)g_i(u) , f_{i+1}(u) = u(u + α)g^′_i(u) + (ν + 1)(2u + α)g_i(u) , a_i = f_i(0) ; b_i = (f_i(0) − f_i(−α))/α .

(5.2)

However, we give now a strategy which is best suited for automatic computation using a symbolic mathematical software package. This algorithm also allows us to prove Eq. (5.1) with ease.

Let us write f_i(u) in the form:

f_i(u) = ∞∑ k=0 c^{(i)}_k u^k(u + α)^k + u ∞∑ k=0 d^{(i)}_k u^k(u + α)^k . (5.3)

from which follows that a_i = c^{(i)}_0 , b_i = d^{(i)}_0 . Let us assume we know the coefficients c^{(0)}_k , d^{(0)}_k for f_0(u). Then the coefficients for f_i(u), i ≥ 1, can be obtained by recursion, because using the first two equations in (5.2) and a straightforward calculation, we can obtain the following relations c^{(i+1)}_0 = (ν + 1)αc^{(i)}_1 , c^{(i+1)}_k = α[k + ν + 1]c^{(i)}_{k+1} + [2k + 2ν + 1]d^{(i)}_k , k = 1, 2, ... , d^{(i+1)}_k = 2[k + ν + 1]c^{(i)}_{k+1} − α[k + ν + 1]d^{(i)}_{k+1} , k = 0, 1, 2, ... ,

(5.4)

where i = 0, 1, ....

Eqs. (5.4) can be applied reiteratively to obtain a_i = c^{(i)}_0 and b_i = d^{(i)}_0 , i = 0, 1, .. starting from the coefficients c^{(0)}_k and d^{(0)}_k which can be automatically generated by using the following scheme.

Consider Eq. (5.3) for i = 0 and write u = w − α/2, then:

f_0(u(w)) = ∞∑ k=0 c^{(0)}_k (w^2 − α^2/2)^k + (w − α/2) ∞∑ k=0 d^{(0)}_k (w^2 − α^2/2)^k , (5.5)

which gives pure power series by writing

w = √ v + α^2/4 . (5.6)

Then, defining

h_1(v) := (f_0(w − α/2) − f_0(−w − α/2))/2w , h_2(v) := ((w + α/2)f_0(w − α/2) + (w − α/2)f_0(−w − α/2))/2w ,

(5.7)

we have

h_1(v) := ∞∑ k=0 d^{(0)}_k v^k , h_2(v) := ∞∑ k=0 c^{(0)}_k v^k , (5.8)

and the first set of coefficients c^{(0)}_k , b^{(0)}_k can be obtained as Taylor coefficients. In particular, for our definition of f_0 (Eq. (3.5)), we have

h_1(v) = 0 ⇒ d^{(0)}_k = 0 , k = 0, 1, ... ,

h_2(v) := e^{αν/2}g(v)^ν , g(v) =^2_v (cosh √ v + (α/2)^2 − cosh(α/2)) .

(5.9)

In this way, the coefficients c^{(0)}_k are the Taylor coefficients of the expansion of h_2(v) in powers of v, while we have shown that d^{(0)}_k = 0. From these last conditions, it is straightforward to check that

d^{(2i)}_k = 0 ; c^{(2i+1)}_k = α 2 d^{(2i+1)} k , i, k = 0, 1, ... , (5.10) and thus that relations (5.1) hold.

Then, the generation of the coefficients a_k can be summarized as follows: compute the Taylor coefficients c^{(0)}_k for the expansion of h_2(v) (Eq. 5.9) in powers of v; apply then the recurrences (5.4) to obtain the coefficients a_i = c^{(i)}_0 .

A more explicit algorithm follows by observing that the Taylor coefficients in the expansion of g(v) (Eq. (5.9)) are related to the modified Bessel functions I_{k+1/2}(α/2). With this interpretation (see also [1], Eq. (10.2.30) and Frenzen’s approach in [8]), the evaluation of the coefficients a_i can be summarized as follows:

1. Obtain the coefficients h^{(0)}_k :

(a) Generate the coefficients λ_n =^1_{(n+1)!αn}^{In+1/2(α/2)}_{I1/2(α/2)} by symbolic recursion.

(b) Starting from h^{(0)}_0 = 1 and h^{(0)}_1 = νλ_1 evaluate the coefficients h^{(0)}_k by using:

h^{(0)}_{n+1} = νλ_{n+1} + 1 n + 1 n∑ j=1 (n − j + 1)[νλ_{n−j+1}h^{(0)}_j − λ_jh^{(0)}_{n−j+1}] .

2. Obtain the coefficients a_j = h^{(j)}_0 a_0, where a_0 = (_{eα−1} α )_ν , through the recurrence

h^{(i+1)}_k = α[k + ν + 1]h^{(i)}_{k+1} + (1 − (−1)^i) 2 α [2k + 2ν + 1]h^{(i)}_k . (5.11)

After evaluating the exact coefficients one should expand them in powers of α in order to avoid roundoff errors as α → 0. As an example, we now give the first 3 coefficients which we used in the section “Computational aspects” (for ν = −1/2):

a_0 = √ α/(e^α − 1) h^{(0)}_1 = a_1/a_0 = −^1_{48} α +^1_{2880} α^3 −^1_{120960} α^5 + ...

h^{(0)}_2 = a_2/a_0 =^7_{7680} α^2 −^{13}_{322560} α^4 + ...

h^{(0)}_3 = a_3/a_0 =^7_{1920} α −^{571}_{2580480} α^3 + ...

(5.12)

where series expansions in powers of α must also be considered for the computation of a_0 in order to avoid roundoff errors for small α.

Acknowledgment A.G. acknowledges support from Ministerio de Educación y Ciencia for her postdoctoral grant. A.G. and J.S. thank CWI for their hospitality during their stay.

References 1. M. Abramowitz and I.A. Stegun (Eds.), Handbook of Mathematical functions, National Bureau of Standards Applied Mathematics Series No. 55. U.S. Government Printing Office, Washington, DC.

2. Boyd, W.G.C. and T.M. Dunster, “Uniform asymptotic solutions of a class of secondorder linear differential equations having a turning point and a regular singularity, with an application to Legendre functions”, SIAM J. Math. Anal. 17 (1986) 422-450.

3. Brezinski, C. (editor), Continued fractions and Padé approximants, North Holland (1990), pg. 142.

4. Carlson, B.C., “Computing elliptic integrals by duplication”, Numer. Math. 33 (1979) 1-16.

5. Carlson, B.C., E.M. Notis, “Algorithm 577: Algorithms for Incomplete Elliptic Integrals”.

ACM Trans. Math. Soft. 7 (1981) 398-403.

6. Dunster, T.M.,” Conical functions with one or both parameters large”, Proc. Royal Soc.

Edinburgh 119A (1991) 311-327.

7. Fettis, H.E., “A new method for computing toroidal harmonics”,Math. Comput., vol. 24, num. 111, 667-670 (1970).

8. Frenzen, C.L., “Error bounds for a uniform asymptotic expansion of the Legendre function Q^{−m}_n (cosh z)”, SIAM J. Math. Anal., 21 (1990) 523-535.

9. Gautschi, W., Communications of the ACM, vol.8, num. 8, 488-492 (1965). 10. Gautschi, W., “Computational aspects of three-term recurrence relations”, SIAM Rev. 9 (1967) 24-82.

11. Gil, A., J. Segura, “Evaluation of Legendre functions of argument greater than one”,Comput. Phys. Commun. 105(1997)273.

12. Gil, A., J. Segura, “A code to evaluate prolate and oblate spheroidal harmonics”,Comput.

Phys. Commun. 108(1998)267.

13. Hoyles, M., S. Kuyucak, S.-H. Chung, “Solutions of Poisson’s equation in channel-like geometries”. Comput. Phys. Commun. 115(1998)45-68.

14. Kuyucak, S., M. Hoyles and S.-H. Chung, “Analytical solutions of Poisson’s equation for realistic geometrical shapes of membrane ion channels”. Biophys. J. 74 (1998) 22-36.

15. Lebedev, N.N., Special functions and their applications, Dover Publications, Inc. (1972). 16. van Milligen, B. Ph., A. López Fraguas, “Expansion of vacuum magnetic fields in toroidal harmonics”.Comput. Phys. Commun. 81(1994)74-90.

17. van Milligen, B. Ph.. “Exact relations between multipole moments of the flux and moments of the toroidal current density in Tokamaks”, Nucl. Fusion 30 (1990) 157.

18. Press, W.H., S.A. Teukolski, W.T. Vetterling and B.P.Flannery, Numerical recipes in Fortran, Cambridge University Press, second ed. (1992).

19. Olver, F.W.J. and J.M. Smith, “Associated Legendre functions on the cut”,J. Comput.

Phys. 51 (1983) 502-518.

20. Olver, F.W.J., Asymptotics and special functions, Academic Press, New York, 1974, Reprinted in 1997 by A.K. Peters.

21. Segura, J., A. Gil, “Evaluation of Toroidal Harmonics”. Comput. Phys. Commun. 124 (2000) 104-122.

22. Temme, N.M. Special functions: An introduction to the Classical Functions of Mathematical Physics, John Wiley & Sons (1996), chapt. 13.

23. Ursell, F., “Integrals with a large parameter: Legendre functions of large degree and fixed order”, Math. Proc. Camb. Philos. Soc., 95 (1984) 367–380.